arXiv:1505.05963vl [hep-th] 22 May 2015 


DMUS-MP-15/01 


On Non-extremal Instantons and Black Holes 


Jan B. Gutowski^ and Wafic A. Sabra^ 


^Department of Mathematics, University of Surrey 
Guildford, GU2 5XH, United Kingdom 

^ Centre for Advanced Mathematical Sciences and Physics Department 
American University of Beirut 
Lebanon 


Abstract 

We consider a general analysis and a specific ansatz for the study of non-supersymmetric 
solutions in arbitrary dimensions and various metric signatures. In all cases, we find 
that the conditions on the solutions can be written in terms of quadratic forms involving 
the gauge coupling of the theory and constants of integration associated with the scalar 
fields. Depending on the signature of the metric, our analysis should provide a general 
framework for finding non-extremal black holes, instantons, branes and S-branes. 


1 Introduction 


Gravitational supergravity solutions admitting fractions of supersymmetry in various 
spacetime dimensions and particularly in four and five dimensions have been a subject 
of intense research activities in recent years (see for example m)- The earliest system¬ 
atic work in this direction is that of Tod [2] where solutions of Einstein-Maxwell theory, 
(D = 4, = 2 minimal supergravity) admitting parallel spinors were classihed. The 
solutions with time-like Killing vectors are the IWP solutions [3], for which the static 
limit is the MP solution |1]. Their generalisations to supergravity theories coupled to 
vector multiplets were performed in [5l |6]. As a consequence of [7], it is well-understood 
how such solutions appear in the context of the general classihcation of supersymmet¬ 
ric solutions in four dimensions. For N = 2,d = 5 supergravity with vector multiplets, 
general electrically and magnetically charged string solutions were initially considered in 
0121 [ID]. Later, a systematic classification of five-dimensional supersymmetric solutions 
was considered in mm- Non supersymmetric solutions in hve dimensions were hrst 
considered in [13] where an explicit electrically charged solution for the so-called STU 
model was given. More analysis of non-supersymmetric solutions was later presented in 
[T4] which also included the study of non-supersymmetric magnetically charged string 
solutions. Moreover, specific examples of non-extremal solutions were presented in [T3] . 

More recently, some attention was given to the study of supersymmetric gravitational 
instanton solutions to the Euclidean Einstein equations of motion. Recent work on grav¬ 
itational instantons considered the Euclidean analogues of the IWP metrics HSIE] as 
well as solutions for theories with cosmological constant. Euclidean versions of A = 2, 
d = 4 supergravity theories have been constructed in ng via the dimensional reduction 
of A = 2, d = 5 supergravity theories on a time-like circle. Gravitational instanton solu¬ 
tions for these Euclidean theories were obtained in [18] via the analysis of the Euclidean 
Killing spinor equations [20]. These supersymmetric gravitational instanton solutions can 
be thought of as the Euclidean analogues of the black hole solutions found in 0. 

In our present work we consider a general analysis and a specihc ansatz for non- 
supersymmetric solutions in arbitrary dimensions. Depending on the signature of the 
metric, our present analysis should provide a general framework for Ending non-extremal 
black holes, instantons, branes and S-branes. The examples given are electric and mag¬ 
netic solutions in four and hve dimensions. For all these examples, all equations of motion 
are reduced to two algebraic conditions which depend on the gauge coupling structure of 
the theory. For electrically charged solutions, the equations are reduced to 

= 0 , d.Q^^Sjj = 0 ( 1 . 1 ) 

while for magnetic solutions one obtains 

= 0 , = 0 ( 1 . 2 ) 

where Qu is the gauge coupling, Sjj and are related to the constants and charges 
appearing in the solutions, and di denotes variation with respect to the scalar helds of 
the theory in question. 
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We organise our work as follows. The next section contains our general analysis for the 
non-extremal electric and magnetic solutions in arbitrary dimensions. Section 3 contains 
examples of four-dimensional solutions for black holes, instantons and time-dependent 
solutions. In section 4, hve-dimensional solutions are considered. 

2 General Solutions: Analysis of Einstein Equations 

Consider a general d-dimensional gravity coupled to scalar helds (p^, and £-form gauge 
held strengths , with action 

Cd=^M(^R- + Res ( 2 . 1 ) 

Gij, Qij are functions of the scalar helds (j)\ and Ccs is a Chern-Simons term, whose 
structure depends on the theory in question. 

The Einstein held equations are 

Rmn = Qij V(M0*VAr)0^' -1- ^ 

+ ( 2 . 2 ) 

We shall consider the following ansatz for the metric: 

= eoe^^dA + -f ds^{M 2 ) (2.3) 

where Mi, M 2 are ni and n 2 dimensional Einstein manifolds with co-ordinates x^, jj, = 
1,..., np a;“, a = 1,... n 2 respectively, also d = 1 -|- ni -|- n 2 and Cq = ±1. We take 

ds^(Mi) = rj^ydx^dx'', ds^(M2) = habdx^'dx^ (2.4) 

where 77 ^,^ depends only on the x^ co-ordinates, and hab depends only on the x"^ co¬ 
ordinates. The Ricci tensors of Mi, M 2 are 

{R^)t,u = kiT]^,,, {R^ab = k2hab (2.5) 

for constants ki,k 2 - We also take V = V{t), Ui = Ui{t), U 2 = C 2 ('?’)• 

The metric signature is mostly positive. We set Cj = 1, e* = — 1 according as to 
whether Mi is Riemannian or pseudo-Riemannian respectively, for ^ = 1,2. So Lorentzian 
solutions have exactly one of eoTiT 2 to be — 1 , with the remaining two equal to -|- 1 . 
Instanton solutions have Cq = Ci = 62 = 1. 

We remark that the r co-ordinate can be chosen in such a way that 

V = c + niUi + n2U2 (2.6) 
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for constant c. With this choice, the non-zero components of the h-dimensional Ricci 
tensor simplify somewhat, and one obtains 


R,, = -dlv + {drVf - ni {drU^f - n 2 
Rf,u = {ki - 77 ^^ 

Rab = {k2 - eoe^^^^-^^dlU2) Kb • (2.7) 


2.1 Electric Solutions 

For electric solutions, we take the to be (ni -|- l)-forms with 

7^ = q\T)dT Advo\{Mi). 

In particular, it will be useful to dehne 

R = Qij{R')n,...nARY^-''^ = eoei(ni + 

Then the Einstein equations simplify to 

eo(l - na) 


- d'^V + {drV)‘^ - ni [drUif - na {drU2)‘^ = Qijdr(j)'‘dr(j)^ + 
and 


and 


ki - eoe^R-Rd^^Ui = 


k2 - eoe^R^-RdlU2 = 


2{ni + 1)!(1 - ni 

(1 — na) ^2Ui 


n2 


2{ni + 1)!(1 - ni - na) 


ni 




e^^^R . 


2 (ni 1)!(1 - ni - na) 

On eliminating 7 from fl2.1ip and fl2.12l) one obtains 

nikie^R~^^'> + (na - - eodlKiUi + (na - l)17a) = 0. 

We shall further simplify this equation by setting 

ki = 0 

so that on making the dehnition, 

a = riiUi + (na - l)f/a 

and using fl2.6p . the condition fl2.13l) is equivalent to 

dla = eo(na - l)/cae^''e^'"- 
This equation can be integrated up to obtain 


( 2 , 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 


(dro) = eo(n 2 - l)e '(fcje " + x) 


(2.17) 
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for constant x- There are then two possibilities. In the hrst case, if ^2 and x are not 
both zero, then it is convenient to change co-ordinates from r to a, and the metric can 
be written as 

ds'^ = f —\ - da^ + e^^^ds^{Mi) (2.18) 

V(n2 - 1)/C2e^‘^ + X / 

where Ui = Ui{a) and U 2 = U 2 {<j) are related by fl2.15p . 

The remaining content of the Einstein equations can be rewritten, eliminating V and 
U 2 m favour of Ui. 

1 2n2(^ 2niU\ 

k2e^''d„Ui + (A:2e2^ + x)dlUi = —— -(2.19) 

2(ni 1)!(1 - ni - 71 , 2 ) 


and 


n2X - niini + ^2 - l)(A:2e + x) [daUi) = (n2 - l)(A:2e + x)Gijda(l)"d^(jiP 


2{ni + l)\ 

In the second case, if /c 2 = x = 0) then the metric is 


2n2cr 2n-^U-i 

+ :r7-—e"2-i“ >^ 2-1 


2niU 


ds^ = e " 2-1 (eodr^ -|- ds^{M. 2 )) + e^^ds^(A4i) 


where t/(r) satishes 


d^U = 


eo(l - 7 ^ 2 ) 


2 ( 77,1 + 1)!(1 -ni - 77 , 2 ) 


2 ( 0 + 7111 / 1 ) 

e i -"2 + 


and 


771(771 -1- 772 - 1) 2 n O Ai O AT , ^0 2(c+ni£i) 

- [drU) = GijdrCj) OrCjr -j- :r7- —me l-"2 J= . 


1-772 


2(771 + 1)! 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


(2.23) 


2.2 Magnetic Solutions 

For magnetic solutions, we take the to be 772-forms with 

= pMvol(M2) (2.24) 

for constant . Again it is useful to dehne 

F = = e2{n2)\e-^^^^^QijAp^ . (2.25) 

The Einstein equations are then 

-dlV + (drVf-ni {drU,f-n 2 {d^U 2 )^ = (2.26) 

2(772)!(1 - 77i - 772) 
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and 


(2.27) 


and 


h - eoe2(^i-^)a2t/i = 


k2 - eoe2(^2-^)a2[/2 = 


(ri2 - 1) 


2(n2)!(l - ni - 712 ) 


ni 






2(,i2)!(l-,ii-n2)'' ' ■ 

Again, on eliminating T from between fl2.27p and fl2.28p . one obtains the condition fl2.13l) . 
So, on setting A:i = 0 and defining a as in fl2.15p . the metric can again be written as fl2.18p 
or fl2.21l) . The Einstein equations become 

k2e^'"daUi + {k2e^‘^ + x)dlUi = 


2 (n 2 )!(l -ni- 772) 


j^2.29) 


and 


n2X - (^ 26 ^“^ + x) + 772 - 1 ) {d„Uif + (772 - l)Qijda4>'d„(ty') 


1 2 


2 ( 772 ) 


-e"2 


3j(n2 0--ni[/i) 


F . 


(2.30) 


In the special case ki = k 2 = x = then the magnetically charged solution is given 


by 


o '^1 ^ 

ds^ = e~ " 2-1 (eodr^ + ds^{M. 2 )) + ds^{M.i) (2-31) 

where in these cases both Adiand A4.2 are Ricci-flat manifolds. The Einstein’s equations 
reduce to 


77i (771 + 772 - 1) {drU)‘^ 

{n2 - 1) 

dlU 


g^.dr^^drCP^ - J- 

2 ( 772 )! 

(772 - l)eo _ 22 n+ 
2(772)1(1 - 77i - 772 )^ 


(2.32) 


3 Four-Dimensional Examples 


In this section we will consider four-dimensional examples. For convenience, we shall 
Erst recall some aspects of special geometry pT] for Lorentzian and Euclidean signatures. 
The Euclidean versions of the special geometries can be obtained from the standard 
counterparts by replacing z by e which satishes = 1 and e = —e. All helds in the 
Euclidean theory can be written in the form 

(;;!) = Re 0 + e Im 0, (^ = Re0 —elm0. (3-1) 


Further details on para-complex geometry, para-holomorphic bundles, para-Kahler man¬ 
ifolds and affine special para-Kahler manifolds can be found in [22]. The theory of un¬ 
gauged N = 2, D = A supergravity theories can be described by the Lagrangian 


£4 = vM 


R - 2Qijd^X^d^^X^ + i + ReMijX^ ■ P 


(3.2) 
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The theory has n + 1 gauge helds = dA^) and n scalars 2 ;“. The scalar helds are 

complex for (1,3) signature and para-complex for (0,4) signature 


2 :“ = Re 2 ;“-I-if (3. 

Here = i for the (1, 3) signature and i^ = e for (0,4) signature, i\ = e. We also have 

Qijd^X^d>^X^ = Qaid.z^d^z^ (3. 

where g^i = dad^K is the Kahler metric and K is the Kahler potential. 

The coordinates X^ are related to the covariantly holomorphic sections 


, 1 = 0,...,n 


obeying the constraint 


'DaV= ld-a--d-aK\V = 0. 




n = = 


driil = 0. 


The Kahler potential is given by 


= {X^Fj - X^Fj) 


We also have the relations 


Mj = MijL\ VaMj = MljVaL^ 


Va= [^da + -daK\ . 


Note that the N = 2 supergravity models can be described in terms of a holomorphic 
homogeneous prepotential F = F{X^) of degree two. In this case Fj = ^ 7 , F/j = 
dx%xJ ’ following useful relations 


F = -FjX^, Fj = FjjX\ 


Fjjk — 0, 

X^Fijkl = -FjkL: 

Fjd^X^ - X^d.Fj = 0 , 

g^^VaL^ViL'^ = (ImA/')^'^ - U. 
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(3.10) 



The scalar and gauge couplings are given by [19] 


Mij = 

Qij = 


e’<N,j + e^‘<(NX),(NX)j 


J 


(3.11) 


where 

Nij = ie {Fij — Fij) , (3.12) 

and we use the notation {NX)i = NijX^, {NX)i = NijX'\ XNX = X^X^Nij. 


3.1 Four-Dimensional Electric Solutions 

The electrically charged solutions are characterised by real scalar helds X^ and purely 
imaginary prepotential F. Using the general results of the previous section, taking ni = 1 
and 712 = 2; when ^2 and y are not both zero, the four-dimensional metric can be written 
in the form 


ds^ = e 


-2U 


o 4(7 


-da^ -I- e^'^ds^{Xi2) 


+ eic^^dp^ 


(3.13) 


_k2e^^ + X 

where we have set U = Ui,U 2 = cr — U, and Xi 2 is a two-dimensional Einstein manifold. 
The gauge helds are F^ = F^pda A dp, with gauge held equations 


da [e ‘^^\/\k 2 e‘^^ + x\ ImA/'/jFj^) = 0 . 


It follows that 


ImMjiFL = 


,2(7 




+ Xl 

Im A7,,7''"'’X4 = €ieo 

for constant qj. Moreover, the Einstein equations reduce to 


X {k 2 e + x)da Ini Fj -|- k 2 e da Im F/ — x Im F/ = 0 


and 


ImAA^'^ 


eieo 


(A;2e + x)da Im Fjda ImFj - x Im Fj Im Fj- x—QiQj 


4e 


= 0 


where we have used the relations coming from special geometry 

d'tF + X^dlFj 


QjjdaX^daX^ = ^ 


2F \ 2F 

N,,d„X'd„X^ = N'-’d„F,d„F, = o" 


8iF + X'dlF, 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 
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as well as the ansatz 


e-‘^^ = Ai,F. (3.19) 

The equations (I3.16p and (I3.17p can be solved by taking 

2lmFi = AJ^/\h^FrXF^\ +Bie~^ (3.20) 

for constants A/, Bj, which must satisfy the relation 

[k2 (eoxA/Aj - BiBj) + = 0 . (3.21) 

Turning to the scalar equations of motion, this gives for our ansatz, after some calcu¬ 
lation, the following equation 

(k2 {eoxAiAj - BjBj) + = 0 . (3.22) 

As special cases, one can consider the solutions for which ^2 7 ^ 0 and x = Oj 

—dcr^ -|- e^'^ds^{M.2) + eie^^dp^ (3.23) 

M \ 

then we hnd 

Im Fi = Ai + Bje~'^ (3.24) 


for constants Aj, Bj, and the remaining content of the Einstein and scalar equations is 




B,B 




and 


ds^ = 

then the solution is given by 


riJ 




1 n 

(3.25) 


(3.26) 

= 0 and X 7 ^ 0 , 



— da^ + e^'^ds^iM.2) 
. X 


-T eie^^dp^ . 


(3.27) 


Im Fi = AiF^ -f Bie "" (3.28) 

for constants Aj, Bj, and the remaining content of the Einstein and scalar equations is 


and 


ImA/'^'^ 




2 (BjAj + BjAj) + ^^g/gj^ 

^2 {BjAj + BjAj) + ^^g/gj 
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0 , 

= 0 . 


(3.29) 

(3.30) 

















The remaining class of electrically charged solution, with fci = A :2 = x = 0, is given by 

ds"^ = (eodr^ + ds^{M.2)) + eie^^dp^ . (3.31) 

In this case, the remaining content of the Einstein equations, again written in terms of 
U, is 

d^U = qiqj 

- {drUf + dlU = Qijd^X^d^X^ . (3.32) 

Again using the relations (I3.18p but with the derivatives taken with respect to r, together 
with the ansatz (I3.19p . the Einstein equations are equivalent to 


eei 


Im Fjdr Im Fj -= 0 

X^dlFi = 0 . 

We solve these equations by taking 

ImF/ = Ai + Bjt 

for constants A/, Bj so the Einstein equations reduce to 

(^BjBj - ^eeiqiqj^ = 0 . 

The scalar equation also reduces to 


drlmFidrlm.Fj — -eeiqiqj = 0 . 


which gives the condition 






BjBj - -eeiqiqj = 0 . 


(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 


3.2 Four-Dimensional Magnetic Solutions 

For magnetic solutions with k 2 and y not both zero, we take the both the scalars X^ and 
the prepotential F to be purely imaginary, with ui = 1 and n 2 = 2. We then End from 
the Einstein equations 


Fi \k 2 e^'^da Im X^ + (^ 26 ^°' + x)(9^ Im — y Im = 0 

and 


ImA/’i 


ij 


^2 




ylmX"' ImX^ — (^^26^'^ + x)da ImX^cIo- ImX*^ + —p^p 


= 0 


(3.38) 

(3.39) 
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where we have taken 


(3.40) 


e-2^ = -Ai,F 

The first equation can be solved by taking 

2\m.X^ = \/\k 2 + e~ 


(3.41) 


The remaining content of the Einstein and scalar equations can then be written in 
terms of the constants ^ as 


Ivsxhfij [k 2 {eoxA^A'^ - B^B'^) + e 2 P^p'^) = 0 , 


(3.42) 


and 


dalmMij {k2{€oxA^A-^ - B^B-^) + eapV) = 0. (3.43) 

A special class of solutions is when k 2 ^ 0 and x = 0, then a solution is given by 


/ ^ — O 


dalmAfrj (B^B'^ 


1 

4fe 

1 

4/C2 


ImX' = A' +B^e 
e2P^p'^^ = 0 

e2P^pA = 0 . 


(3.44) 


Another special class of solutions is when A :2 = 0 and x 7^ 0) which a solution is 
given by 


ImA:' = A^e^ + B^e 


I ^ — 0 


ImAfij ( £B-^ + A'^B^ + —pV I = 0 

8x / 

da ImMj ( A^B^ + A^B^ + —pV ) = 0 

8x / 


(3.45) 


For the class of magnetic solutions where ki = k 2 = x = then the solution is given 

dp^ + e~'^^ ds^ {M. 2 ) (3.46) 


by 

Taking the ansatz 

the Einstein equations imply 


,-2(7 


= -4TF 


(3.47) 


Fjdl Im = 0 


ImA//j ( dr ImX'^ — ^^p^p"^ ) = 0 • 


(3.48) 
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The first of these equations can be satished by setting 

\mX^ = + B^t (3.49) 

for real constants . The remaining content of the Einstein equations, and of the 

scalar equations, is then given by 

ImMij (^B^B'^ - ^eoe2pV^ = 0 , (3.50) 

and 

dalmAfij (^B^B-^ - ^eoe2pV^ = 0. (3.51) 

4 Five-Dimensional Examples 

The Lagrangian of the hve-dimensional N = 2 supergravity theory with an arbitrary 
number of vector multiplets is given by [23] 


^5 = VWl 




(4.1) 


In very special geometry, one has the helds = X^((/)), the so called special coordinates 
satisfying 

V = X^Xj = IcijkX^X-^X^ = 1 (4.2) 

D 

where, Xj are the dual coordinates. The gauge coupling metric Qjj and the metric gij 
depend on the scalar helds via the relations 


Qij = -^XjXj — -CijkX 


K 


Qij Qij 


dX^ dX-^ , 

d(f)^ 


|v=i- 


We also note the useful relations 


Q,jX^ = , QijdiX^ = -|aw, 


a. {V\s\QijF““') + = 0 


The gauge and scalar equations of motion are 

1 

To 

and 

'1 
2 


(4.3) 


(4.4) 


(4.5) 


yisIa.O 


IJ 




-2d, 


d,X^ = 0 . (4.6) 
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4.1 Five-Dimensional Electric solutions 

For electrically charged solutions, with ni = 1,?7,2 = 3, the metric can be written as 


ds^ = e 


a-U 




_2 {k 2 e^^ + x) 


da^ + ds^{M.2) 


+ eie^^dp^ 


The gauge helds are given by = F^^da A dp, and the gauge equations imply 


We thus have 


d„ (e ®\/|A:2e2» + xlQ;j-Fi) = 0 ■ 


+ xlQijFi, = -i* 


for constants g/. The Einstein equations are given by 


(4.7) 


(4.8) 

(4.9) 


+ (fee"" + x)d!U = 

0 

X - + x) {d^Uf = \{k2e^^ + x)Qijd^X^d^X-^ + . (4.10) 

3 0 

We shall set 

^7 = (4.11) 

Then from the equations of very special geometry fl4.2l) we obtain 

e-^ = (4.12) 

Moreover using very special geometry we obtain the following relations 

Qjjd^X^d^X^ = ^X^djXi = 1 {3dlU - 3 {d^Uf + X^e^dlfi) 

Qijd^X^d^X^ = ^-Q^-^d,Xid„Xj = 1 (^-3 {d,Uf + . (4.13) 

Then the Einstein equations can be rewritten as 


{k 2 ^^d,fi + {k 2 e^- + x)dlfi - xfi) = 0 
{{k 2 e^^ + x)dafidafj - xfifj + ^oeiqiQj) = 0 (4.14) 

which can be solved by taking 

fi = Ai^\k2 + xe-^^\ + Bie-^ (4.15) 
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for constants Aj, Bj, with the condition 


[h ix^oAiAj - BiBj) - eoeiqiqj] = 0 . (4.16) 

Using the relations of very special geometry, and in particular 

(4.17) 

then the scalar equation of motion gives 


diQ 


ij 


^0^1 


k2e^^ + X 
This reduces to 


qiqj - dafidafj + (dlfi) fj + 


k2e 


2<t 


{k2e^^ + x) 


dafifj 


= 0 . 


(4.18) 


diQ^'^ [k2 {eoxAiAj - BjBj) - e^eiqiqj] = 0 . 


For the special case when A :2 = 0, y 7 ^ 0, we obtain the solution 

fi = Aje^ + Bie-^ 

(^AiBj + AjBj — ^qiqj^ = 0 
diQ^'^ ^AjBj + AjBj — ^^qiq^ = 0 . 

For the case when A :2 7 ^ 0, y = 0, we obtain the solution 


(4.19) 


(4.20) 


fi = Ai + Bie-^ 

Q'-' (biBj + '-^qiqj^ = 0 

(^BjBj + '-^qiq?j = 0 . (4.21) 

For the cases of electric solutions with /ci = A :2 = y = 0, the metric is given by 

= e“^ (eodr^ + ds^(A^ 2 )) + ds^{Mi) . (4.22) 

In this case, the content of the Einstein equations is given by 

— {drUf + ^-dlu = QljdrX^drX^ 

dlU = -—e-^7 . (4.23) 
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On setting 


A-, = -/f. 


QuKp = —> 

and using special geometry, we have the following conditions 


X^dlfj = 0 

(d^fidafj + eiqiqj) = 0 . 

These equations are solved by 

.fi = Ai + Bit 

and the remaining content of the Einstein and scalar equations is 


{BiBj + eiqiqj) — 0 
diQ^'’ {BiBj + eiqiqj) = 0 . 


(4.24) 

(4.25) 

(4.26) 

(4.27) 


4.2 Five-Dimensional Magnetic solutions 

For magnetic solutions, taking rii = n 2 = 2, the are 2-forms with 

= /dvoKAts) (4.28) 

for constant . In this case, the metric is 

r 1 

ds^ = - da'^ + e^'^ds‘^{M2) + ds'^iMi) . (4.29) 

_k2e^^ + X J 

The Einstein equations are then given by 

k2e^''d„U + {k2e^'^ + x)dlU = ^e^^e2(5/jpV 
2 x - 6 (A: 2 e^‘^ -f- x) {d^Uf = {k 2 e^'^ + x)QijdaX^d^X'^ - e 2 e^^Qup^p-^ . (4.30) 

We also set 

Xi = ('43^) 

Using very special geometry we obtain from the Einstein equations 

X/ ((^ 26 ^" + x)dlf + k2e^-dj^ - ^xf^ = 0 (4.32) 

and 

Qij + X)dafd^f - ^xff - e 2 pV^ = 0 . (4.33) 
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Furthermore, the scalar held equations, after making use of several very special geom¬ 
etry relations, can be written as 

d^Qij (e2pV - + x)fdlf) = 0 . (4.34) 

We solve (14.321) by setting 

+ x)dlf + - ^xf = 0 (4.35) 

and on substituting fl4.35p into (14.341) the remaining conditions are (I4.33P together with 
(I4.34p . which can be rewritten as 

diQij ({k2e^'^ + x)daf^d„f^ - ^xf^f - = 0 . (4.36) 


The solution to (14.351) depends on the sign of eoy. If eox > 0 then we hnd 

f = {jy^ + {jy^ 

for real constants , where 

On substituting (14.371) into (14.331) . and (14.361 ) we hnd 


(4.37) 


(4.38) 


and 


Qij 


diQij 


^X + B^A^) + espV 


-X {A^B^ + B^A-^) + eapV 


= 0 


= 0 . 


If however eoX < 0 then one hnds 

K~^ 

for complex constants where 


K = A 


-1 - - i 

X 


-1 - 4- i 

X 


On substituting (14.411) into (14.331) . and (14.361) we hnd 


Qij 


% {A^A^ + A^A-^) + e2yp^ 


= 0 


(4.39) 

(4.40) 


(4.41) 


(4.42) 


(4.43) 
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and 


diQij 


% + A^A'^) + 


= 0 . 


For X = 0, /c 2 7 ^ 0, the solution is given by 


f = A^ + B^e-^ 
Qij ) = 0 

d,Qu (^B^B^ - ^pV) = 0 , 

for real constants A^ . 

For X 7 ^ 0, /c 2 = 0, the solution is given by 


(4.44) 


(4.45) 


= 7l'e-V3- + 5^eV3 


Qij 

diQij 


- i^B-^ + B-^AA + Vp'" 

.3 X . 

- (71^5-' + B-^A^) + Vp^ 

3 ' X . 


= 0 

= 0 


(4.46) 


for real constants A^, B^. 

Finally the magnetic solutions with both A4i and A42 Ricci-flat and x = 0) s-re given 
by 


ds"^ = e [eodr"^ + ds‘^{M.2)) + e^^ds^(A^i). 
In this case Einstein’s equations reduce to 

-6 {drUf + 3dlU = QijdrX^drX'^ 

;i2rr _ 


(4.47) 


d'tU = . 


Again using the ansatz 
these equations reduce to 




(4.48) 

(4.49) 


which can be solved by 


Xjdff = 0 
Qij {OrfOrf"^ - €o€2P^P'^) = 0 

f = A^ + B^t 


(4.50) 

(4.51) 
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and the remaining content of the Einstein and scalar equations is 


Qu (B'B^ - CoEzpV) = 0 


(4.52) 


and 


SiQu (B'B^ - eoe2pV) = 0 ■ 


(4.53) 
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